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A Comprehensive Study of Discontinuities
in Chirowaveguides
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Abstract—We provide a comprehensive study of two- and
three-dimensional discontinuities in chirowaveguides. The multi-
mode coupled-mode method is an effective numerical approach to
analyze this problem. After obtaining the coupled-mode equations,
we diagonalize the coupling matrix to obtain a multimode scat-
tering matrix rather than the usual two-mode approximation. We
calculate the scattering properties of coaxial waveguides partially
filled with lossy chiral media. Excellent agreement is observed
between our results and those obtained by the mode-matching
method. We also compare our results in the achiral case for
dielectric material partially filled rectangular waveguide with
experimental data and results obtained by the mode-matching
method. Excellent agreement is again found. Based on our anal-
ysis, numerical and analytical results are displayed to provide
physical insight into the problem. First, we discuss the effects of
the chirality admittance on scattering properties and find that the
sensitivity of the scattering parameters to chirality admittance
increases as the chirality admittance increases. Second, we find
the dielectric constant has a great influence on the scattering
parameters. Third, we find the relative influence of height and
width of chiral obstacles in rectangular waveguides.

Index Terms—Chiral material, chirowaveguide, coupled-mode
method, discontinuity.

I. INTRODUCTION

DURING THE past decade, attention has been focused
on electromagnetic chirality [1]–[3] and its application

to microwave, millimeter-wave, and optical waveguided
structures. The concept of chirowaveguides was introduced by
Engheta and Pelet [4], [5], and the characteristics of uniform
chirowaveguides have been extensively investigated [4]–[10].
As a further step toward the design of novel devices and cir-
cuits, the analysis of various discontinuities in chirowaveguides
is important. Recently, two-dimensional (2-D) discontinuities
in chirowaveguides were studied by several researchers. For
example, Mariotte and Engheta analyzed the reflection and
transmission of guided electromagnetic waves at a chiral slab in
a parallel-plate waveguide [11], [12], Wu and Mariotte analyzed
a partially filled chiral media coaxial waveguide [13], Busse
and Jacob analyzed lossy chiral slabs in circular waveguides
[14], and the authors analyzed open planar chirowaveguides
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with discontinuities [15], [16]. However, to our knowledge,
three-dimensional (3-D) discontinuities in chirowaveguides
have not been analyzed to date.

In this paper, we provide a comprehensive study of dis-
continuities in chirowaveguides. It is also the first study of
3-D discontinuities in chirowaveguides. We focus on the
effects of discontinuities for metallic waveguide partially filled
with chiral media. Our procedure is to treat the discontinuity
problem by a multimode coupled-mode method. We use
the eigenfunctions of a hollow metallic waveguide as basis
functions to expand the fields in the chiral media partially
filled region and then insert those expressions together with
the chiral constitutive relations into Maxwell’s equations.
Using the orthogonality relations of the metallic waveguide, we
obtain a set of multimode coupled-mode equations. Approx-
imate coupled-mode theory has been used in the analysis of
mode-coupling effects of chirowaveguides and chiral periodic
structures [17]–[22]. Although the multimode coupled-mode
method has been used to analyze the eigenvalue problem of
straight chirowaveguides and bianisotropic waveguides [23],
[24], we use the multimode coupled-mode equations to provide
a useful numerical solution for discontinuities rather than
straight waveguides in this paper. In our discontinuity analysis,
we consider the influence of higher order modes rather than
using only two modes in approximate coupled-mode theory,
which considers only the forward and backward dominant
or/and first higher order modes. Therefore, our method is useful
for discontinuities with significant geometric variations.

In our analysis, we diagonalize the coupling matrix whose
eigenvalues and eigenfunctions are associated with the eigen-
values and eigenfunctions of the partially filled chirowaveguide.
After matrix manipulations, we obtain a multimode scattering
matrix for the entire structure. From these results, we find the
scattering properties of the discontinuities.

Based on the above analysis, we solve this problem numer-
ically. We first analyze a lossy chiral media partially filled
coaxial waveguide and compare our results with those obtained
by the mode-matching method [13] and excellent agreement
is found. We also validate our numerical analysis using the
achiral case for dielectric material partially filled rectangular
waveguide with experimental data [25] and results obtained
by the mode-matching method proposed in [26]. Excellent
agreement is again found. Based on our analysis, numerical
and analytical results are displayed to provide physical insight
into the problem. First, we discuss the effects of the chirality
admittance on scattering properties and find that the sensitivity
of the scattering parameters to chirality admittance increases
as the chirality admittance increases. Second, we find the
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Fig. 1. Configuration of a chiral media partially filled waveguide with
arbitrary cross section.

dielectric constant has a great influence on the scattering
parameters. Third, we find the relative influence of height and
width of chiral obstacles in rectangular waveguides. All the
results are explained on the basis of underlying physics.

II. A NALYSIS

As an example of the discontinuity problem, let us consider
a metallic waveguide with arbitrary cross section partially filled
with chiral media, as shown in Fig. 1.

For the chiral media, the constitutive relations for time–har-
monic fields ( ) can be written as [1]–[3]

(1)

where is the chirality admittance, is the permittivity, and
is the permeability.

Substituting the above constitutive relations into Maxwell’s
curl equations, we obtain

(2)

where , and is a dimensionless and normal-
ized quantity, called the chirality parameter, defined as

. In homogeneous media, the solutions of (2) are right
circularly polarized (RCP) and left circularly polarized (LCP)
eigenwaves. The wavenumbers for the two eigenwaves are

(3)

where the plus ( ) and minus ( ) subscripts denote the RCP
wave and LCP wave, respectively.

The electric and magnetic fields in (2) can be expressed by
the summation of transverse and longitudinal fields as

(4)

Cross multiplying (2) by , we have

(5)

where

(6)

On the other hand, scalar multiplying (2) by, we obtain

(7)

where is the matrix inversion of whose elements are

(8)

Substituting (7) into (5), we obtain

(9)

In our analysis, we expand the transverse electromagnetic
fields in the chiral media partially filled region by the summa-
tion of the eigenfunctions of the hollow metallic waveguide as

(10)

where quantities with a single and double prime denote the TE
and TM modes, respectively. In our notation, quantities without
a single or double prime may denote either TE or TM modes.
The superscript “ ” and “ ” denote the modes propagating
along the positive -direction and negative-direction, respec-
tively. Here, and are eigenfunctions in the cross section
of metallic waveguide and are the characteristic
impedances. They are given by

(11)

(12)

for TM modes
for TE modes.

(13)

Equation (10) is the Fourier series expansions of the fields
in partially filled chiral media region using the eigenfunctions
of hollow waveguide as basis functions. Substituting (10) into
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(9) and making use of the orthogonality relations of the metallic
waveguide [27], we obtain a set of coupled-mode equations

(14)
where

(15)

(16)

and the elements of the matrices on the right-hand side of (16)
are

(17)

(18)

(19)

(20)

Equation (14) can be expressed in the following compact
form as:

(21)

where

(22)

and

(23)

Uncoupling the coupled differential equation set (21) is pos-
sible by a linear transformation upon the amplitudes. In this
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Fig. 2. Configuration of a chiral media partially filled coaxial waveguide.

case, the transformation is approached numerically. The cou-
pling matrix can be transformed into a diagonal matrix
by means of a transformation matrixas follows:

(24)

where

(25)

It has been proven that each column of matrixconsists
of one eigenvector of , and are the
eigenvalues of and also the eigenvalues of the chiral media
partially filled waveguide. If the transformed amplitude vector

(26)

is defined, an uncoupled wave equation system results as fol-
lows:

(27)

from which the amplitudes at a plane is obtained by

(28)

where

From (26) and (28), we obtain the following equation after
some matrix manipulations:

(29)

where is the multimode scattering matrix of the chiral media
partially filled waveguide with length . It is given by

(30)

III. N UMERICAL RESULTS

In order to check the validity of the present approach, we
first analyze a 2-D problem. We investigate the scattering of the
TEM mode in a coaxial waveguide partially filled with chiral
media, as shown in Fig. 2. The problem has already been ana-
lyzed by one of our authors using the mode-matching method
[13]. We choose a typical 50-coaxial waveguide with inner

Fig. 3. Normalized reflected, transmitted, and lossed power of the TEM
mode for the structure of Fig. 2 versusw=b. The solid lines are obtained
by the coupled-mode method, while the dashed lines are obtained by the
mode-matching method [13].

Fig. 4. Configuration of a rectangular waveguide partially filled with chiral
media.

Fig. 5. Amplitude of reflection coefficientS versus frequency for a
dielectric partially filled rectangular waveguide. Here, we takea = 22:86 mm,
c = 12 mm,b = d = 10:16 mm, � = 8:2� , � = � , and� = 0, as shown
in Fig. 1. The calculated results (solid line) are compared with measurements
(“o”) given in [25] and excellent agreement is found.

radius mm and outer radius mm. The
frequency is taken to be 10 GHz so that only the dominant
TEM mode can propagate in the hollow coaxial waveguide. The



2324 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 50, NO. 10, OCTOBER 2002

Fig. 6. Comparison of the results by the multimode mode-matching method with those obtained by the mode-matching method for achiral dielectric material
partially filled rectangular waveguide. Here, we takea = 22:86 mm, b = 10:16 mm, c = 11 mm,d = 5 mm, � = 2:5� , and� = � , as shown in Fig. 4.
The results obtained by the mode-matching method are depicted by “x,” “o,” and “+” for w = 10; 7:5; and5 mm, respectively; while the results obtained by the
coupled-mode method are depicted by solid lines. Excellent agreement is found.

chiral material is taken to be lossy material with parameters
, , and . We are interested

in the reflected, transmitted, and lossed power as a function of
the normalized length of the chiral media . We observe from
Fig. 3 that the reflected power oscillates with a decaying ampli-
tude, the transmitted power drops down, and the lossed power
increases as increases due to material loss. In this figure,
the solid lines provide the results of the present method, while
the dashed lines depict the results of the mode-matching method
[13]. Excellent agreements of the two methods are found, which
validates this new approach.

Next, we use our program to analyze achiral dielectric mate-
rial ( ) partially filled rectangular waveguide, as shown in
Fig. 4. We consider a WR 75 waveguide with a width of

mm and a height of mm. When this waveguide
is operated in the 8–12-GHz frequency range, only the domi-
nant mode can propagate and all the higher order modes
are evanescent. The inserted material slab has dimensions

mm, mm, mm, and dielectric con-
stant . In Fig. 5, the solid curve shows our calculations
of the amplitude of input reflection coefficient versus fre-
quency and is compared with measurements [25] and excellent
agreement is found. Fig. 6 gives another example for comparing
our results with those obtained by the mode-matching method
proposed by one of the authors of [26]. Here, we take

mm, mm, mm, mm, ,
and . The results obtained by the mode-matching method
are depicted by “x,” “o,” and “ ” for and mm,
respectively, while the results obtained by the coupled-mode
method are depicted by solid lines. We compare in this example
not only amplitudes of the scattering parameters, but also phases

of scattering parameters. We find excellent agreement for both
amplitudes and phases. The above comparisons of our present
results with experimental data and results by the mode-matching
method for achiral case provide partial validation of our numer-
ical method and implementation.

To investigate the effects of chirality admittance on the
scattering properties of chiral media partially filled rectan-
gular waveguide, we consider the WR 75 waveguide and
fix the frequency at 9 GHz. We consider a sample of chiral
media with a cross section of mm by mm
in the middle of the waveguide and calculate the scattering
parameters versus, as shown in Fig. 4. In Fig. 7, the solid,
dashed, dotted, and dotted–dashed lines give the results for the
chirality admittance (achiral case), , , and

mho cases, respectively. When the chirality admittance
is small, the difference between the RCP wavenumber

and LCP wavenumber in chiral media is small, and we
find the influence of the chirality admittance is very weak. The
difference between the curves for the achiral case (solid lines)
and for mho is very small. This coincides with the
qualitative analysis of Saadoun and Engheta [28] in that the
influence of chirality admittance is a second order effect when
the chirality admittance is small.

However, as the chirality admittance increases, the differ-
ence between the RCP wavenumberand LCP wavenumber

in chiral media becomes larger and the influence of chirality
admittance becomes larger. Moreover, we find the scattering
parameters will become more sensitive to the increase of
chirality admittance. For an example, we find the difference be-
tween the curves for mho and for mho
(where the difference of is 0.0005 mho) is more evident
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Fig. 7. Influence of small chirality admittance� on scattering parameters for a rectangular waveguide partially filled case. Here, we show the amplitudes and
phases of reflection coefficientS and transmission coefficientS versus the lengthw of chiral media at a fixed frequency of 9 GHz. We takea = 22:86 mm,
b = 10:16mm,c = 11 mm,d = 5 mm,� = 2:5� , and� = � , as shown in Fig. 4. The solid, dashed, dotted, and dotted–dashed line give the cases for chirality
admittance.� takes the value of 0 (achiral case), 0.0005, 0.001, and 0.0015 mho, respectively.

Fig. 8. Influence of large chirality admittance� on scattering parameters for a rectangular waveguide partially filled case. Here, we show the amplitudes and
phases of reflection coefficientS and transmission coefficientS versus the lengthw of chiral media at a fixed frequency of 9 GHz. We takea = 22:86 mm,
b = 10:16 mm, c = 11 mm,d = 5 mm, � = 2:5� , and� = � , as shown in Fig. 4. The dotted–dashed line, solid line, dashed line, and dotted line give the
cases for chirality admittance.� takes the value of 0.0015 (achiral case), 0.002, 0.0025, and 0.003 mho, respectively.

than the difference between the curves for mho
and for mho (where the difference of is also
0.0005 mho). This effect is more clearly depicted in Fig. 8 for
large values of chirality admittance. In Fig. 8, we give the results
when the chirality admittance is 0.0015 mho (dotted–dashed

lines), 0.002 mho (solid lines), 0.0025 mho (dashed lines),
and 0.003 mho (dotted lines). We find the difference between
the curves for mho and mho is the
largest compared with the difference between any two other
adjacent curves. A simple physical explanation can be made by
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Fig. 9. Influence of chirality admittance� on the amplitudes of scattering parameters for coaxial waveguide partially filled case. Here, we show the amplitudes
of reflection coefficientS and transmission coefficientS versus the lengthw of chiral media and chirality admittance� at a fixed frequency of 10 GHz for
coaxial waveguide, as shown in Fig. 2. We takea = 3:04 mm,b = 7:0 mm,c = 6:0 mm,� = 2:5� , and� = � .

Fig. 10. Influence of chirality admittance� on the phases of scattering parameters for a coaxial waveguide partially filled case. Here, we show the phases of
reflection coefficientS and transmission coefficientS versus the lengthw of chiral media and chirality admittance� at a fixed frequency of 10 GHz for a
coaxial waveguide, as shown in Fig. 2. We takea = 3:04 mm,b = 7:0 mm,c = 6:0 mm,� = 2:5� , and� = � .

considering (3), from which we find the sensitivity of to
given by

(31)

From (31), we find does not keep a constant value, but
increases as increases. This means that the sensitivity of
and, therefore, the scattering parameters tois large for

large and small for small. Also, when tends to be zero,
the sensitivity tends to be zero, as shown in Fig. 8.

We further investigate the effects of chirality admittance for
a coaxial waveguide. Here, we choose the same coaxial wave-
guide as that in Fig. 3. The radiusof chiral material is taken to
be 6 mm and the material parameters are taken to be
and . The results in a 3-D surface graph have been given
in Figs. 9 and 10. The same property that the sensitivity of the
scattering parameters to chirality admittance increases as the
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Fig. 11. Influence of dielectric constant on scattering parameters for a rectangular waveguide partially filled case. Here, we show the amplitudes and phases of
reflection coefficientS and transmission coefficientS versus the lengthw of chiral media at a fixed frequency of 9 GHz. Here, we takea = 22:86 mm,
b = 10:16 mm,c = 11 mm,d = 5 mm,� = 0:0001mho, and� = � , as shown in Fig. 4. The dotted–dashed, solid, dashed, and dotted line give the cases for
dielectric constant.� takes the value of� , 2� , 3� , and4� , respectively.

Fig. 12. Influence of dielectric constant on the amplitudes of scattering parameters for a coaxial waveguide partially filled case. Here, we show theamplitudes of
reflection coefficientS and transmission coefficientS versus the lengthw of chiral media and dielectric constant� at a fixed frequency of 10 GHz. We take
a = 3:04 mm,b = 7:0 mm,c = 6:0 mm,� = 0:0001 mho, and� = � , as shown in Fig. 2.

chirality admittance increases has been shown clearly in these
figures.

In Fig. 11, we investigate how the dielectric constant af-
fects the propagation properties of a chiral media partially
filled rectangular waveguide. Here, we choose the WR 75
waveguide operating at 9 GHz and fix the chirality admittance

mho and . We consider a sample of chiral
media with a cross section of mm by mm

in the middle of the waveguide and calculate the scattering
parameters versus, as shown in Fig. 4. In Fig. 11, the solid,
dashed, dotted, and dotted–dashed lines give the results for
the dielectric constant of , , , and

, respectively. Here, we find the influence of dielectric
constant is quite significant, which verifies that the influence
of dielectric constant is a first-order effect as the perturbation
theory indicates. This may also be explained from the fact that
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Fig. 13. Influence of dielectric constant on the phases of scattering parameters for a coaxial waveguide partially filled case. Here, we show the phases of reflection
coefficientS and transmission coefficientS versus the lengthw of chiral media and dielectric constant� at a fixed frequency of 10 GHz. We takea = 3:04mm,
b = 7:0 mm, c = 6:0 mm, � = 0:0001 mho, and� = � , as shown in Fig. 2.

Fig. 14. Influence of the height of chiral media on scattering parameters for a rectangular waveguide partially filled case. Here, we show the amplitudes and
phases of reflection coefficientS and transmission coefficientS versus the lengthw of chiral media at a fixed frequency of 9 GHz. We takea = 22:86 mm,
b = 10:16 mm,c = 11 mm, � = 2� � = 0:0001 mho, and� = � , as shown in Fig. 4. The dotted–dashed, solid, dashed, and dotted line give the cases for
dielectric constant.� takes the value ofd = b=4, b=2, 3b=4, andb, respectively.

when is small, the sensitivity of to the dielectric constant
is almost a constant value of 0.5 no matter what value the
dielectric constant takes. For the coaxial waveguide case, the
same properties may be found from the 3-D surface plot shown
in Figs. 12 and 13.

The influence of the heightof the chiral material to the scat-
tering properties for a chiral media partially filled rectangular

waveguide is investigated in Fig. 14. Here, we fix the width of
the chiral material to be mm and change the height
in Fig. 4. The solid, dashed, dotted, and dotted–dashed line de-
pict the case when , , , and , respectively. It is
found from the figure that the influence of the heightis signif-
icant and the influence is always large no matter ifis small (
tends to be zero) or large (tends to be). The reason is that for
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Fig. 15. Influence of the width of chiral media on scattering parameters for a rectangular waveguide partially filled case. Here, we show the amplitudes and
phases of reflection coefficientS and transmission coefficientS versus the lengthw of chiral media at a fixed frequency of 9 GHz. We takea = 22:86 mm,
b = 10:16 mm,d = 5 mm, � = 2� � = 0:0001 mho, and� = � , as shown in Fig. 4. The dotted–dashed, solid, dashed, and dotted line give the cases for
dielectric constant.� takes the value ofc = a=4, a=2, 3a=4, anda, respectively.

the incident mode, the strongest electric field occurs in the
middle of the width of the waveguide. The increase of the height
gives the incident mode strong disturbance. It is also interesting
to note that the influence of the widthof the chiral material
is quite different from the influence of height. In Fig. 15, we
fix mm and show the cases for , , , and

with a dotted, dotted–dashed, solid, and dashed line, respec-
tively. It is clear that when is small, the influence of is strong
because the electric field of the incident mode in the middle of
the width is the strongest. The influence ofis gradually de-
creased when is further increased because the electric field of
the incident mode decreases for the increased part of(which
is zero at the boundary). The curves for (solid lines)
are found to be very close to those for (dashed lines).

IV. CONCLUSION

We have reported a comprehensive study of discontinuities in
chirowaveguides. To our knowledge, this is also the first study
of the 3-D discontinuity problem in chirowaveguides. The scat-
tering characteristics of a metallic waveguide partially filled
with chiral media are carefully investigated by a multimode cou-
pled-mode method. Rather than taking the two-mode approxi-
mation typical of the traditional coupled-mode theory, we diag-
onalize the coupling matrix and take into account the contribu-
tion of higher order modes. This is used to find the multimode
scattering matrix for the discontinuity. We have shown that the
multimode coupled-mode method can be effectively used as a
numerical method for this kind of discontinuity problems.

To check the validity of our method, we have first analyzed a
coaxial waveguide partially filled with lossy chiral media. Our

results are compared with those obtained by the mode-matching
method and excellent agreement is found. We have also checked
our results for an achiral dielectric material partially filled rect-
angular waveguide, and excellent agreement between our cal-
culation and experimental data, as well as data from the mode-
matching method is again found. Based upon our analysis, we
have numerically calculated the scattering parameters for chiral
media partially filled rectangular waveguide and coaxial wave-
guide. We investigate the effects of chirality admittance on scat-
tering properties and find the sensitivity of the scattering param-
eters to chirality admittance increases as the chirality admittance
increases. The effect of the dielectric constant is also investi-
gated and it is found to have a great influence. We have also dis-
cussed the effects of the height and width of chiral media for a
rectangular waveguide case. We find the influence of the height
is always large, but the influence of the width decreases as the
width increases. Our results have been explained by underlying
physical insights.

It is noted that chirowaveguide discontinuity analysis is im-
portant for the application to develop useful devices, such as
directional couplers, filters, mode converters, etc. Research on
these topics are in progress.
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